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Abstract 
For a Hausdorff space X, we denote by 2x the collection of all closed subsets of X. The Fell 
topology 7.~ on 2x has as a subbase all sets of the form V- = {F E 2x: F n V # 8}, where 
L’ is an open subset of X and of the form (Kc)+ = {F E 2x: F n K = 8}, where K is a 
compact subset of X. In this paper we prove that max{d,(X),kl,(X),t(X)} < t((2X,7~)) < 
max{&(X), k%(X), x(X)} and ~((2~ , m)) = max{d,(X), k/c,(X), x(X)}, where t(X) and 
x(X) denote the tightness and character of X, respectively, d,(X) is the smallest cardinal number 
T such that the density of every closed subset of X is less than or equal to 7: and k&(X) and 
k-k,(X) are two cardinal invariants related to the family of all compact subsets of X. We also 
obtain that for a locally compact space X the tightness of (2x, T-F) and the character of (2x, TF) 
coincide. We construct a space Y such that t((aY ,TF)) # max{d,(Y), k&(Y), x(Y)}. We also 
give an answer to a question of Beer (1993). 0 1998 Elsevier Science B.V. 
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Throughout this paper all spaces are assumed to be Hausdorff. If A is a subset of a 
space X, then 2 is the closure of A in X. For a set S, /SI is the cardinality of 5’; [S]<w 
is the collection of all finite subsets of 5’. 
For a space X, let P(X) be the collection of all subsets of X, 2x be the collection 
of all closed subsets of X, and K(X) be the collection of all compact subsets of X. 
IfAisasubsetofX,thenA-={EE2X: EnA#@}, A+={EE~~: E&A}, 
and A’ = X \ A. For U G P(X) \ {0}, we define 
U- = {A E 2x: A n U # 0 for all U E 24} 
We topologize 2x with the Fell topology which has as a subbase all sets of the form 
V-, where V is an open subset of X, and of the form (Kc)+ where K is a compact 
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subset of X; the Fell topology is denoted by 7~. For typographical reasons, we use F(X) 
to denote the topological space (2x, 7~). The density d(X) of a space X is defined as 
the smallest cardinality of a dense subset of X. We use d,(X) to denote the smallest 
cardinal number T which satisfies d(A) < T for all closed subsets A of X. 
The character x(x, X) of a point L in a space X is defined as the smallest cardinality 
of a set B(z), where 23(z) is a local base of X at the point s. The character x(X) of a 
space X is defined as the supremum of all numbers X(x, X) for 3: E X. 
The tightness t(x, X) ofu point z in a space X is the smallest cardinal number r > No 
with the property that ifs E C, then there exists Co C C such that iG,l < r and 2 E ??a. 
The tightness t(X) of a space X is the supremum of all numbers t(.~, X) for 2 E X. 
We say that a family A C K(X) is cofinal in K(X) provided that for any K E K(X) 
there exists K’ E A with K C: K’. The k-k-netweight k%(X) of a space X is defined 
as the smallest cardinality of a cofinal family in K(X). This cardinal number klc(X) is 
also called the cofinuli~ of K(X). If MC(X) < No, then we call X hemicompuct. We 
use ,4&(X) to denote the smallest cardinal number Y- which satisfies J&(V) < T for all 
open subsets V of X. For a subset F of 2”, we use Cl(3) to denote the closure of F 
in F(X). 
We remind the concept of compact-Lindelof degree which was used in [7] to charac- 
terize the tightness of the space C(X) of all continuous functions from X into the set 
lR of real numbers with the compact-open topology. 
Definition [7]. The compact-Lindelbfdegree H(X) of a space X is defined as the small- 
est cardinal number X with the property that every open c-cover of X has a c-subcover 
of cardinal number X, where c-cover means any collection $? of open subsets of X with 
the property that if A E K(X) then A C G for some G E !3. 
Obviously, H(X) < min{kk(X),w(X)} h w ere d(X) means the weight of X. We 
define /c&,(X) to be the smallest cardinal number r which satisfies M(V) < T for all 
open subsets V of X. 
Lemma 1. 
(1) &4X) G t(F(W); 
(2) MO(X) < t(F(X)). 
Proof. Assume that t(F(X)) = K. 
(1) Let A E 2x \ (0). A straightforward check shows that A E Cl([A]<w). Since 
t(F(X)) < K:, we conclude that there exists a subset F of [A]<” such that IFI < K and 
A E Cl(3). Now it is easy to show that D = UF is a dense subset of A and (D1 < pi. 
Therefore d(A) < K. Consequently d,(X) < n. 
(2) Let G be an open subset of X. Let V be a c-cover of G. Define A = X \ G 
and J= = {X \ V: V E V}. Then A E Cl(F). Indeed, let ny=, Ii;- 17 (Kc)+ be a basic 
neighbourhood of A in F(X), where each Vi is an open subset of X and K is a compact 
subset of X. Thus K C G and An Vi # 8 for all i < n. Since I/ is a c-cover of G, there 
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exists VK E V which contains K. Define FK = X \ VK E 3. Since A C: FK, we have 
Vi n FK # 0 for each i = 1, . . . , n. Therefore FK E nr=“=, vi- fl (Kc)+. 
Since A E Cl(3) and t(F(X)) < , K, there exists a subfamily 3’ of 3 such that 
13’1 < K and A E Cl(3’). If we put V’ = {V E V: X \ V E 3’}, then V’ becomes a 
c-cover. Indeed, let K E K(G). Since A E (Kc)+ and A E C1(3’), there exists F E 3’ 
such that F E (Kc)+. Hence F n K = 0 and K 5 X \ F E V’. This completes the 
proof. q 
Lemma 2. Suppose that r is a cardinal, A E 2x, kl(X \ A) < T, D is dense in il. 
(D( 6 T and x(d, X) < Tfor al2 d E D. Then t(A, F(X)) < T. 
Proof. Let 3 C 2x with A E Cl(3). 
Case 1. A = 0. Since 0 E C1(3), the family V = {X \ F: F E 3} is a c-cover of 
X. Since M(X) < 7, there exists a subset V’ of V such that V’ is a c-cover of X and 
IV’\ < T. If 3’ = {F E 3: X \ F E V’}, then it follows immediately that 0 E Cl(3’). 
Case 2. A # 0. Since x(d, X) 6 r for all d E D, we can choose, for every d E D, 
a local base Vd of X at the point d such that IVdl < T. We define V = lJ{Vd: d E D} 
and U = [Vlcw. From the assumption of our lemma, it follows that IUI < 7. 
For arbitrary U E U and K E K(X \ A), we define 
3g={F~3: FnK=(DandFEU-}, 
and 
fl =u{F$: K H(X\A)}. 
From A E Cl(3) it follows that 
W”={(X\F)n(X\A): FEN} 
is a e-cover of X \ A. Since kZ(X \ A) < 7, there exists a subset EU of 3U such that 
L?={(X\F)n(X\A): FEL?} 
is a c-cover of X \ A and jEU I 6 T. 
Now&=lJ{IU:Z4~U}G3andIE1< r. It is not difficult to verify that A E Cl(&), 
which completes the proof. 0 
Theorem 3. max{d,(X), MO(X), t(X)} < t(F(X)) < max{&(X), &(X), x(X)). 
Proof. The left inequality follows immediately from Lemma 1 and the fact that, for a 
Hausdorff space X, X is a subspace of F(X) under the identification z - {r} and 
therefore t(X) 6 t(F(X)). Next we show that the right inequality also holds. Indeed, 
assume that max{d,(X),X(X),&(X)} = IC. Let A E 2”. Then kZ(X \ A) < IF. and 
there exists a dense subset D of A such that IDI < ,x, and y(d, X) < n for all d E D. 
Thus, by Lemma 2, we have t(A, F(X)) < 6, which completes the proof. 0 
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The following example shows that the converse of the right inequality in Theorem 3 
need not be true; in fact, even the inequality t(F(X)) 3 min{X(X), k&(X)} need not 
hold. 
Example 4. Let L = {co} U (w x w), where co 6 w x w. 
Points of w x w are isolated, and basic neighborhoods of cc have the form {co} U (E x w) 
where the complement w \ E of E is a finite subset of w. Let 
Y = @{n} x L 
Q<W 
be the direct sum of the spaces {n} x L. Let X denote the quotient space ob- 
tained from Y by collapsing the set {(n, 00): n < w} to a point p, where p $! Y. 
Then X(X) > No and rCku(X) > No, but t(F(X)) = No. In particular, t(F(X)) < 
max{UX), K(X), x(X)). 
Obviously, X is not first-countable. According to Theorem 8.4 of [4], we have that 
Iclc,(X) > No. Hence min{x(X), /G&(X)} > No. Next we show that t(F(X)) = No. 
Fix A E 2x and 3 C 2x with A E Cl(3). 
Case 1. p E A. Since p E A, all points of X \ A are isolated, and so compact subsets 
of X \ A are finite. Since X \ A is countable, we conclude that X \ A is hemicompact. 
Let {K,: n < w} be a cofinal subset of K(X \ A). For n < w, E E [A \ {p}lcw and 
an open neighbourhood V of p, let 
3;E = {FEE FnVf0, Fnh;,=0andECF}. 
Moreover, define 
p*E = U {GE: V is an open neighbourhood of p}. 
Then p E UFnlE. For each 2 E UF”?E, we take F, E 3”~~ with 5 E F,. If we put 
men 17f”~~( < 1x1 < No, and for any neighbourhood V of p, there exists F E 7-PE 
such that E & F, K, n F = 0 and V n F # 0. Let 
‘FI = u {WE: R < w, E E [A \ b4<w}. 
Obviously, j’HJ 6 No. Since every point of A \ {p} is isolated, it is not difficult to 
verify that A E Cl(x). 
Case 2. p $ A. Since p $ A, every point of A is isolated. Therefore, to complete the 
proof in case 2, by Lemma 2 it suffices to show that IcZ(X \ A) is countable. Let V be 
a c-cover of X \ A. 
For every E E [WI+‘, we consider XE = (E x (w x w)) U {p} as a subspace of X, 
and let 
KE={KEK(X\A): K~XE}. 
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It is easy to see that 
K(X \ A) = u {I&: E E [w]<“‘}. (*) 
Fix E E [w]+. Since XE has a countable base, kl (XE) < No. Since {V~IXE: V E V} 
is a c-cover of XE, there exists a subfamily UE of V such that every element K of ICE 
is contained in some element of 24~ and (ZAE\ < No. Obviously, 
U=u{&: EE[LJ]-} 
is countable. From (*) it follows that U is a c-cover of X \ A. 
Question. Does any of the inequalities below hold: 
(1) t(F(X)) < max{~,(X), t(X), kL(X)>. 
(2) t(F(X)) < max{&(X), t(X), kb(X)l? 
Lemma 5. kk,(X) < x(8’(X)). 
Proof. Let X(F(X)) = K. Let V be a nonempty open subset of X and A = X \ V. 
Case 1. V # X. Since X(F(X)) = 6 and A # 0, we can choose a base V = 
{Vi n (K;)+: ,!3 E } f p r; o o en neighborhoods of A, where each VP is a finite family 
of open subsets of X and Kp E K(X) \ (0). Now we claim that KV = {K,J: /3 E r~} 
is cofinal in K(V). This will be enough to conclude that kk(V) < K. Indeed, for each 
K E K(V), we h ave K n A = 0 (i.e., A E (Kc)+). Therefore, there exists /3 E K 
such that A E Vi n (Ki)+ C (Kc)+. If K \ Kp # 0, then for z E K \ Kp, we have 
{J} U A E I’,- n (KS)+, but {z} U A $ (Kc)+, which is a contradiction. Therefore 
K c Kg. 
Case 2. V = X. Since X(F(X)) = K and A = 0, we can choose a base V = 
{(K;)+: i3 E IS} of open neighborhoods of A, where KD E K(X) \ {0} for all ,6 < K. 
Then arguing as above we conclude that { Kp: p E 6) is a cofinal subset of K(V). 0 
Theorem 6. x(F(X)) = max{UX), kb(X), x(X)). 
Proof. Since X is Hausdot-ff, X is a subspace of F(X) under the identification x - 
{x}. and so x(X) < X(F(X)). F rom (1) of Lemmas 1 and 5, we have that 
.x(F(X)) 3 max {d,(X), k&(X), x(X)}. 
Now we show that the converse is also true. Let 
max {d,(X), MO(X), x(X)} = K 
Fix A E 2x. 
Case 1. A # 0. Pick D C_ A such that A = n and IDI < K. Since X(X) < K., for 
every d E D let Vd be a local base of X at the point d such that lVd[ < K. Further, define 
V = U{Vd: d E D} and U = [V] <“‘. Since kko(X) < rc, there is ‘FI C K(X \ A) such 
that (7f\ 6 K and ‘FI is cofinal in K(X \ A). If we put 
W = {U- n (Kc)+: U E U and K E ‘H}, 
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then /WI < K. We will show that W is a local base of F(X) at A. Let n:=“=, V’-fl(K”)+ 
be a basic neighbourhood of A, where each Vi is an open subset of X and K is a compact 
subset of X. We have K 2 X \ A and A n Vi # 0 for all i < n. Therefore there exists 
H E IFI which contains K and {Ui , Uz, . . , Un} E U which satisfies xi E Vi C I$, 
wherexiEDnViforeachi=l,...?n.Thus 
;=I i=l 
Case 2. A = 0. Since /&,(X) < K, there exists a family {Kp: ,B < z} 2 K(X) 
which is cofinal in K(X). It is easy to verify that W = {((Ko)“)+: ,8 < 6) is a local 
base of F(X) at the point A. This completes the proof of Theorem 6. 0 
Corollary 7. For a space X. The following conditions are equivalent: 
(1) X isjrst countable, evev closed subset of X is separable, and every open subset 
of X is hemicompact; 
(2) F(X) is$rst countable. 
Smithson introduced in [8] the concept of compactly second countable space. This 
concept was used to characterize the first countability of K(X) endowed with the Vietoris 
topology in [8], and to characterize the first countability of 2x endowed with the Fell 
topology in [3]. 
Beer proposed in [3, p. 721 a question whether the compact second countability of X 
implies that every compact of X is second countable. The following example answers 
this question in the negative. 
Example 8. A compactly second countable, compact space which is not second count- 
able. Let X be the famous “double arrow” space of Alexandroff and Urysohn [5, 3.10~1. 
It is well known that X is a first-countable, hereditarily separable compact space and that 
every open subset of X is hemicompact. Thus by Corollary 7, F(X) is first countable. 
Therefore X is compactly second countable [3, Theorem 3.31. Evidently, X is not second 
countable. 
The “double arrow” space of Alexandroff and Urysohn also shows that for a compact 
space X, F(X) need not be dyadic compact space. 
Lemma 9. kkO(X) = MO(X) for a locally compact space X. 
Proof. The inequality M,(X) 3 k&(X) is obvious. Now we show that the converse 
also holds. 
Let Ho(X) = X. We show that l&(V) < X for all open subsets V of X. Since X 
is locally compact, for any K E K(V) there exists open subset VK such that K C 
VK & VK C V and G is compact. Since I&(X) = X, there exists a subfamily I/’ 
of {VK: h- E K(V)} such that V’ is a c-cover of V and IV’] < X. It is clear that 
{v: V E V’} is cofinal in K(V). This completes the proof of Lemma 9. 0 
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Lemma 10. x(X) < t(F(X)) for a ZocalZy compact space X. 
Proof. Let t(F(X)) = X. We claim that x(X) 6 X. Fix IC E X and an open neighbour- 
hood V of 5 such that v is compact. Now let 
F={(u: ~~UanducVandUisanopensubsetofX}. 
Since X is regular (being Hausdorff and locally compact), it follows that {z} E Cl(F). 
Therefore there exists a subset F’ of 3 such that {x} E Cl(F’) and IF”1 6 X. Next 
we show that IA’ = {V: fl E F’} is a local base of X at z. Without loss of the 
generality, we assume that G is an open neighbourhood of x in X such that ?? g V. 
Thus v \ G is a compact subset of v missing {z}. Therefore there exists F E 3’ such 
that F n (V \ G) = 0. C onsequently U C G for some U E U’. 0 
Theorem 11. Let X be a locally compact space. Then x(&‘(X)) = t(F(X)). 
Proof. By Theorem 3 and Lemma 10 it follows that t(F(X)) = max{d,(X), /&(X), 
x(X)}. Applying Lemma 9 we conclude that t(F(X)) = max{d,(X), /c,&(X), x(X)}. 
It remains to apply Theorem 6 to obtain that x(&‘(X)) = t(F(X)). q 
The following well-known example shows that the condition of local compactness 
cannot be omitted in Theorem 11 (see also Example 4). 
Example 12. Let Q denote the rationals. Then t(F(Q)) < x(F(Q)). 
Obviously Q is not locally compact. Combining Theorem 6 and Theorem 8.7 of [4], 
we have that x(F(Q)) > No. Since Q is second countable, according to Theorem 3, one 
has t(F(Q)) = No. 
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